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In this paper the Weyl tensor is used to define operators that act on the space of forms. These 
operators are shown to have interesting properties and are used to classify the Weyl tensor, the 
well known Petrov classification emerging as a special case. Particularly, in the Euclidean signature 
this classification turns out be really simple. Then it is shown that the integrability condition of 
maximally isotropic distributions can be described in terms of the invariance of certain subbundles 
under the action of these operators. Here it is also proved a new generalization of the Goldberg-Sachs 
theorem, valid in all even dimensions, stating that the existence of an integrable maximally isotropic 
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equation in higher dimensions. 
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^ I. INTRODUCTION 

(D , 

■ The Petrov classification [l|, 01 is a scheme to classify the Weyl tensor in four dimensions that was responsible 
for much progress on general relativity. In particular it was of fundamental importance for the discovery of one of 
the most important solutions to Einstein's equation, the Kerr metric Q. The main reason behind the usefulness of 
such classification is encoded on the Goldberg-Sachs(GS) theorem, which states that in a vacuum (Ricci-flat) four- 
dimensional Lorentzian manifold the Weyl tensor is algebraically special if, and only if, the space-time admits a 
congruence of null geodesies that is shear- free [4]. Later it was proved that this theorem could be extended to all 
I signatures if the concept of shear-free geodesies is substituted by the existence of an integrable maximally isotropic 
^jPj, distribution d, reveling the geometrical content of the GS theorem. 

—i • The intent of the present article is to generalize the Petrov classification to all dimensions and to find extensions of 
the Goldberg-Sachs theorem (specially in even dimensions). Hopefully this will help the search of new exact solutions to 
Einstein's equation in higher dimensions, with relevance to string theory compactifications. Since Einstein's equation 
is non-linear there is usually no hope to find all its solutions, however with the help of the GS theorem Kinnersley was 
able to find all Petrov type D vacuum solutions in four dimensions 0, a really impressive achievement. The topics 
' discussed here can, analogously, help to fully integrate Einstein's equation under certain circumstances in higher 
PsJ , dimensions. Also the results obtained here should promote more geometrical insight about the Weyl tensor with 
possible applications in general relativity. Moreover this work has applicability in differential geometry, specially in 
areas related to the integrability of distributions and in spinor geometry, since maximally isotropic distributions are 
ubiquitous in this article. Finally it is pertinent to mention that recently it was made an explicit connection between 
I ^ the Navier-Stokes and the Einstein's equations in this connection the classification of the Weyl tensor makes a 
prominent rule. 

Different classification schemes for the Weyl tensor in dimensions greater than four were already defined during the 
last decade. In Q it was put forward a form to classify any tensor in Lorentzian spaces based on the so called boost 
^ ■ weight, the well known CMPP classification. Extensions of the GS theorem using such classification were looked for 
- - and some progress has been made EMI. A recent review of this approach is available in reference [l^ . In [ij, [l^ it 
was defined a classification scheme for the Weyl tensor valid in any dimension and signature based on the maximally 
isotropic structures and it was found a generalization of the GS theorem that will be used in the present article. In 
[l6j the Weyl tensor was classified in five dimensions using spinor techniques and applications were made. In [17] it 
was worked out a classification scheme for the Weyl tensor in six dimensions using spinors and the generalized GS 
theorem of [15j was elegantly translated to the spinor language. Finally, a very recent paper used spinorial language 
to define a classification for the Weyl tensor in even dimensions [l^ . The classification presented here is more refined 
than the previous ones and has the classification of reference and the Petrov classification as special cases. A short 
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and nice review of the previous literature can be found in [TqI, where some possible applications of these subjects are 
also discussed. 

In section In] the Weyl tensor is used to define operators Cp that act on the space of p-forms, it is also shown that 
such operators have nice properties. For example, in the Euclidean signature they are Hermitean. These operators 
are then used to classify the Weyl tensor in any dimension. Section IlIII shows that in even dimensions, d = 2n, the 
operator C„ preserves the space of ( ant i-) self- dual n-forms and this is used to split this operator into the direct sum of 
a self-dual part and an anti-self-dual part. In section HVl it is proved that in even dimensions the integrability condition 
for maximally isotropic distributions found in [Tsl can be nicely expressed in terms of the operator C„. Section FVl 
introduces a notation in which the map Cp takes a really simple and elegant form. Although not deeply exploited 
here this notation seems to be promising. Section I VII provides a new and simple proof of the generalized Mariot- 
Robinson theorem that will be important for posterior sections. Finally, in sections IVIII and I Villi are shown links 
between the integrability of null structures and the optical matrix. In particular it is proved a new generalization of 
the GS theorem, stating that in even dimensions the existence of integrable maximally isotropic distributions imposes 
restrictions on the optical matrix. Appendix [2] defines a refined version of the Segre classification that is used to 
classify the operators Cp, while appendix IbI presents important results about simple forms that are used throughout 
the article. 

In the present work the vector bundles are assumed to be complexified so that the results can be applied to any 
signature, on the same lines of references 

fl, B All results obtained here are local and it is always assumed 
that the manifold is endowed with a non-degenerate metric and its Levi-Civita connection. Throughout the article 
some examples are worked with the intent of facilitating the comprehension and showing possible applications of the 
concepts and tools introduced here. 



Let {M, g) be a manifold of dimension d endowed with a non-degenerate real metric tensor of arbitrary signature 
s^. When convenient the tangent bundle of this manifold will be implicitly assumed to be complexified. Since all 
results throughout this article will be local we can always assume the existence of a volume form denoted by e^^^^,,,,,^. 
This d-form obeys to the following well known identity^: 

= pl{d-p)l{-l)'^S^';iX'...S:f. (1) 

Given a p-form Ky-^^,,n.p = -^^^[1^1...!^^] then its Hodge dual is the (d — p)-form defined by: 

Taking the Hodge dual twice and using equation ([T]) it is straightforward to prove the following important relation; 

= (3) 

The tangent bundle of (Af , g) is assumed to be endowed with the Levi-Civita connection, whose trace-less part of 
the curvature, called the Weyl tensor, will be denoted by C^^^ap- This tensor has the following symmetries: 

C^ual3 = C[^^][al3] — CaPp,u ] C ^[^afi] = ; C^^^^p —0. (4) 

By means of the Weyl tensor we can define the following linear operator that act on the space of p- forms with p > 2: 

Cp-. K^,,„^^ Kl^ ^^=C°'^^^^^^K^.^,„^^]afs. (5) 

The particular case p = 2 of the above operator was of fundamental importance to the development of general 
relativity in four dimensions, since it gives rise to the well known Petrov classification [l], [2| ■ Such classification was 



In this article the metric tensor is assumed to be real just because sometimes it is convenient to deal with a real Weyl tensor. But 
almost all results presented here are also valid for the case of a complex metric. 
^ As usual the indices enclosed by square brackets are anti-symmetrized, while the indices inside round brackets are symmetrized. For 
example, T^^^ = ^(T^i, — Ti,^,) and T(^ab) = ^{Tab + Tfca)- Also repeated indices are assumed to be summed. 
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used to find very important solutions to Einstein's equation, the most important examples being the Kerr metric |3| 
and all type D vacuum solutions Q- The operator C2 was also investigated in higher dimensions on reference (20l |. 
with the intent of refining the CMPP classification. It is also interesting to note that in six dimensions the operator C3 
reduces to the Weyl operator defined on [17] using spinors. The goal of the present article is to study some properties 
of the maps Cp for p > 2, define a classification for the Weyl tensor based on them and, in some cases, relate these 
maps to a generalization of the Goldberg-Sachs theorem. 

Now let us workout a useful relation between the Weyl operator Cp and the Hodge dual map. If K' is the image 
of the p-form K under the operator Cp, as in equation ([S]), then we have: 



^ (_l)[(d-p)p+%^] 
pl{d-p)\ 



fj.l...fj,p Ul...l^d-p/^°'0 „ fc'0'i...crd-p 

^ ^ 11-1112 ^(Ti-.-o-d-pAis-.-Mpap — 



pi/i2 ^t^l---<^d-p^t3---^tp<: 

O (P - 2)! (d -p + 2)! ^[^icM2rl/l jrl^d-p] f^al3 J~^(Tl...(Td_p © r' Kl^2 7^I^3---i'd-p]MlA'2 

~ pi {d-p)l " ^ ■■■O'^d-p ^1^2^ - <-^MlM2 ^ 

Where above it was used equations ©, ([S]) and ^ in the first equality and the numbers above the other equal 
signs refer to the used equations. This identity was already known for the specific case d = A and p = 2, in which 
case it made a prominent rule on the development of the Petrov classification [2lj. The above equation is then the 
generalization of this known fact to all dimensions and to all values of p. Such result can be put in a more elegant form 
if an abstract notation is used. Denoting the bundle of p-forms on M by A^M then Cp : A^M A^M is the abstract 
operator that implements the map defined in equation ([S]), while Ep : A^M — A'^~^M will denote the operator that 
when acts on a p-form gives its Hodge dual. In this notation the above result is written in the following form: 

Ep Cp — Cd-p Ep . (6) 

Now we are able to define an algebraic classification scheme for the Weyl tensor valid in all dimensions, we just 
have to find matrix representations for the operators Cp and use the refined Segre classification (see appendix 
Thus the classification of the Weyl tensor proposed here amounts to gathering the refined Segre types of the 
operators Cp for all possible values of p. But some of these calculations will be redundant, since by equation 
([2]) we have that the operator Ep is invertible, with inverse proportional to E^-p. So using this information in 
equation ^ we have that Cp — Ep^^C^-pEp, i.e., the operator Cp can be obtained from Cd-p by a similarity 
transformation, therefore the algebraic type of these operators is the same. Special attention shall be deserved 
for the cases p = d and p — {d — 1) since the "dual operators", Co and Ci, are not defined. But it is not 
difficult to prove that the operators C^ and Cd-i are both zero, because of the traceless property of the Weyl ten- 
sor. So it is just necessary to classify the Weyl operators Cp for integer values ofp pertaining to the interval 2 < p < |. 

If Kp and Lp are p-forms then the following symmetric inner product can be defined on the space A^M: 

<Kp,Lp>= X^-^-L^,...^^ (7) 

Such inner product is non-degenerate and its signature depends on the signature of the metric g. If {B'} is a basis for 
the space A^Af such that < B', > = h^^ then denoting by hij the inverse matrix of h^^ it follows that the p-forms 
Bi = hij'B-' obey to the identity < B^, B-* > = 6/ . Thus if Kp is a p-form then Kp = < B^, Kp > B', from which it 
follows that B^^i ■■■^PB'^^ = sji/"^ . . . S^''^ . The matrix representation of the operator Cp on the basis {B*} is given 
by Cpij = < Bi, Cp(B"') >, so that using the previous results we see that the trace of this operator is zero: 

Also, using the symmetry Cp^ap = Cap^v of the Weyl tensor it is simple matter to show that the Weyl operator Cp 
is self-adjoint with respect to this inner product, i.e, the following equation is valid: 

< Kp, Cp(Lp) > = < Cp(Kp), Lp > . (9) 

In the special case of (Af, g) being a real manifold of Euclidean signature it follows that the inner product of p- 
forms defined on equation ([7]) is positive definite. In this case the self-adjointness of operators Cp guarantees that 
they can be diagonalized and that the eigenvalues are real. This property imposes huge restrictions on the possible 
algebraic types that the Weyl tensor can have according the classification defined above, since the refined Segre types 
of operators Cp will depend just on the degeneracy of each eigenvalue and on the dimension of the kernel of these 
operators. So we have the following lemma: 
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Lemma 1 If the metric g has Euclidean signature then the operators Cp admit a traceless diagonal matrix represen- 
tation with real eigenvalues. In particular this implies that on the refined Segre classification of these operators all 
numbers inside the square bracket will be 1 (see avvendixV^). 



III. EVEN DIMENSIONS AND THE SELF-DUALITY 



In this section the dimension of the manifold M is assumed to be even, d — 2n. In such case plugging p ~ n on 
equation Q yields E„E„ = (—1)" +"^il„ = (— l)4l„, where 1„ is the identity operator of space A"M. So the 
space of n-forms can be split into a direct sum of the eigen-spaces of E„, A"Af = , where is the space of 
self-dual n-forms and is the space of anti-self-dual n-forms, defined by: 

5± = {K„ e A"M I E„(K„) = ±eK„} . 

Where e is equal to 1 or i depending on whether | is respectively even or odd. The spaces and S~ both have the 
same dimension, ^ (^") . Using equations © and (0 a simple index rearrangement shows that the following property 
holds: 

< K„ , E„(L„) > = (-1)"' < E„(K„) , L„ > . 
Where K„ and L„ are arbitrary n-forms. Using this equation we arrive at the following result: 

Lemma 2 In a manifold of dimension d = 2n if n is even then the spaces and are orthogonal to each other 
with respect to the inner product <, >. On the other hand if n is odd then every element of is orthogonal to every 
element of S*"*" and every element of is orthogonal to every element of . 

Now let us see that the operator C„ has the important property of preserving the spaces . If pertain to 
and L,^ = C„(K,^) then equation ^ implies that: 

E„(L±) = E„C„(K±) = C„E„(K±) = C„(±eK±) = ±eL± . 

Therefore it is useful to define the following operators: 

C± : A"M ^ A"M , C± = i(C„ ± e'^ C„E„) . (10) 

It is immediate to see that is zero when restricted to 5^, i.e., C„ = C"*" © C~. Thus the matrix representation 
of C„ can be put in block-diagonal form with two blocks of the same dimension. This property restrict enormously 
the possible algebraic types that the operator C„ can have. This was already known in four dimensions and was of 
fundamental importance to the development of the Petrov classification P, Also this was noted in six dimensions 
using spinor calculus ^17J . This property of C„ guarantees that when convenient the operators can be assumed 
to act on instead of A"M. 

Let us note that the trace of both operators and is zero. From equation ^ it follows that the trace of 
Cn is zero, so that using the definition of operators C*, equation (fTO| . we see that tr(C^) — ±e^^ tr(C„E„). Using 
steps similar to the ones used to evaluate tr(Cp) we find for n>2: 

tr^«^„j;.„j - _^|£Sj o ^^^^e p3...p„a/3^ i/i...z.„ - ^, ^ip^e M3...M,^a/3"[l'l • • ■ "i^^] ^ " • 

Where the last equality follows from the Bianchi identity, C[q,^^]i^ = 0. So the operators have vanishing trace. 

From lemmalHand the from the fact that the inner product <, > in A"Af is non-degenerate we have that when n 
is odd it is possible to introduce a basis {B"*"*} for 5+ and a basis {B^*} for such that < B^^B^-* To 
see this just start with a basis for and a basis for 5*" and then use the Gram-Schmidt process to conveniently 
redefine the basis of S~ . The matrix representation of C"*" on the basis {B"*"*} is then C^- =< B^*, C„(B^-') >, while 

the matrix representation of on the basis {B^*} is C^^ =< B^*, C„(B^^) >. Then from equation © it follows 

that = Cjl. So when n is odd it follows that operator can be obtained from and vice versa. On the other 

hand when n is even the operators and are in principle independent of each other. The results of this section 
can be summarized by the following theorem. 
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Theorem 1 When the dimension of the manifold is d = 2n the operator Cn is the direct sum of an operator that acts 
on the space of self-dual n- forms, : — t- , and an operator that acts on the space of anti-self-dual n-forms, 
Cr : — > . Both operators, and CT , have vanishing trace. In the particular case of odd n it follows that 
the operator CT is the adjoint of the operator , i.e., in a suitable basis the matrix representation of CT is the 
transpose of the matrix that represents . 

This theorem imphes that when n is odd then to classify C„ is equivalent to classify C"*", since automatically the 
operator C~ has the same algebraic type of C''^. In the case n = 3 this was already proved using spinorial techniques 
on reference (l7| . In turn, when n is even classify C„ is equivalent to compute the algebraic types of both operators 
C+ and C". 

In four dimensions a manifold is called self-dual when ~ and ^ 0. These manifolds were widely studied 
in the past [25|, in particular it was shown that Einstein's vacuum equation on self-dual manifolds reduces to a 
single second-order differential equation Now it is natural to ask wether the notion of self-dual manifolds can 
be extended to higher dimensions. Theorem [T] says that if the dimension is = 2?i with odd n then = implies 
C"*" = 0, so that the Weyl tensor is identically zero. But in principle if the dimension is multiple of four, even n, the 
operators and are independent of each other so that the self-dual manifolds can be defined. But it turns out 
that a laborious investigation of the self-dual constraint in 8 dimension revels that if = then = 0. Thus 
arriving at the following lemma: 

Lemma 3 // the dimension of the manifold is d = 2n with odd n or n = A then the constraint = implies that 
the whole Weyl tensor vanishes. So in these dimensions the notion of self-dual manifold cannot be introduced. 

Although in the case of even n this result was worked out by the author only for the case n = 4 the calculations 
seems to indicate that lemma |3] is valid for all n > 4. Thus, concerning the Weyl tensor, the dimension four appears 
to be very special, since in this dimension the operators C"*" and C~ can be independent of each other Now in 
order to get acquainted with the tools introduced so far let us see how the Petrov classification emerges in the present 
formalism. 

Example: In four dimensions, o? = 4, the operators C3 and C4 are trivially zero, as explained in section 
im So we can only use C2 to algebraically classify the Weyl tensor. According to the theorem [T] it follows 
that C2 = C"*" ® C~, where C"*" is independent from C~, and both have vanishing trace. Since the space 
of 2-forms has six dimensions it follows that the operators act on 3-dimensional spaces, . Then 
using the refined Segre classification (appendix \K\ it follows that the possible types for are [1, 1, 1|], 
[2, 1|], [(1, 1), 1|], [|3], [|2, 1] and 1, 1], these types are respectively called /, II, D, III, N and O (see 
reference 0)- Note that the refined Segre type [1, 1|1] is also possible and in the Petrov classification it 
also corresponds to the type /, so that the refined Segre classification provides one more algebraic type 
than the Petrov classification. 

Thus the operator can have six Petrov types, just as C^. Then the Weyl tensor can have 6 x 6 = 36 
Petrov types. But from an intrinsic point of view just 21 types are different, because the spaces and 
S~ are interchanged by a simple multiplication of the volume form, e, by —1. When the Weyl tensor is 
real and the signature Euclidean the operators admit diagonal representations, thus can just have 
types /, D or O. While if the Weyl tensor is real and the signature Lorentzian then the operators can 
have any type, but the type of must be the same of C~ 

Before proceed some comments about reality conditions are in order. If (Af, g) is a manifold of dimension d = 2n 
and signature s then if (s/2) is even then the eigenvalues of E„ are real, ±1. In this case it is possible to find real bases 
for both spaces 5+ and S~ . On the other hand if (s/2) is odd the eigenvalues of E„ are ±i so that the elements of S'^ 
and S~ must be complex. In this last case if an n-form is self-dual then its complex-conjugate will be anti-self-dual, 
and vice versa. It is also important to note that if the Weyl tensor is real, as assumed in the present article, then this 
reality condition generally constrains the possible algebraic types of C„. These constraints depend on the signature 
of the metric, just as happens to C2 in four dimensions [2]. 

Particularly in the Euclidean signature we have s = d = 2n, so that if n is even then it is possible to define real bases 
{B+*} and {B"'} for S+ and 5" respectively such that < B+\ >= S'^ =< B-\B^ > (see lemma d]). Using 
equation ([5]) we see that in these bases the operators have matrix representations that are real and symmetric. 

In turn, if the signature is Euclidean and n is odd it is always possible to find a basis {B^*} for 5*+ such that {B^'} 
is a basis for and < B^\ B^-* >= S^^ . The basis {B'^'} can also always be arranged to be such that the matrix 
representation of is diagonal with real eigenvalues. To prove this note that if {Q^*} is a basis for 5+ then, since 
(s/2) is assumed to be odd, the complex conjugate of this basis will be a basis for . Now the positive definiteness 
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of g implies that < Q^*, Q^' > is greater than zero so that by the Gram-Schmidt process we can find a basis {B'"*"'} 
such that < B'^*, B'^^ >= S"^^ . In this basis, because of equation the matrix representation of is easily seen 
to be Hermitean, thus by an unitary transformation we can change the basis {B'^'} to another basis {B"*"'} such that 
< B^'jB^-' >= (5*-' and in which the representation of takes a diagonal form. 

IV. INTEGRABILITY OF MAXIMALLY ISOTROPIC DISTRIBUTIONS AND THE OPERATOR C„ 

The celebrated Goldberg-Sachs theorem in its generalized version states that in a Ricci-flat four-dimensional mani- 
fold a maximally isotropic distribution {Vi, V2} is integrable if, and only if, the 2-form i?^^ ~ Vi[^V2u\ is an eigen-2-form 
of the Weyl operator C2 ^ . The intent of this section is to generalize in some extent this theorem to manifolds of 
even dimension greater than four, more precisely it will be made a connection between the integrability of maximally 
isotropic distributions and some algebraic restrictions on the map C„. Throughout this section the manifold {M,g) 
will be assumed to have even dimension d = 2n. 

A distribution of vector fields {Vi, V2, ■ ■ ■ , Vp} on the manifold (M, g) is called isotropic or totally null when every 
vector field tangent to this distribution has zero norm or, equivalently, g{Vi,Vj) = for all i,j £ {1,2, ...,p}. In a 
manifold of dimension d — 2n the maximum dimension that an isotropic distribution can have is n. If the signature 
is different from zero, s ^ 0, then a maximally isotropic distribution is necessarily complex (28| . From now on it will 
always be assumed that the tangent bundle is complexified, so that the maximally isotropic distributions can exist. 
Now let us make the following important definitions: 

Definitions: A simple p-form i^T^i-'^p = vj'^^V^^ . . .Vp''^ is said to generate the distribution {Vi,...,Vp}. 
This form will be denoted abstractly by Kp — ^{Vi A V2 A ... A Vp). When the distribution generated by a non-zero 
simple p-form Nj, is isotropic this form is called a null p-form. 

In order to deal with totally null structures it is useful to introduce a null frame {ei, . . . , e„, e„+i = 0^, . . . , e2n — &"} 
on the tangent bundle, defined to be such that the only non-zero inner products are g{ea',Q^ ) = i where 

a' G {1, 2, . . . , n}. In particular all the frame vectors, Ca, are null and the distribution {ei, 62, ... , e„} is maximally 
isotropic. In this article it will always be assumed that the indices a,b, . . . pertain to {1, 2, . . . , 2n}, while the indices 
a' ,b' , . . . pertain to {1, 2, . . . , n}. Given a tensor T^u-, for example, then Tab will denote the components of this tensor 
on the null frame. Tab = e^f e^'^T^^. 

In reference [15| part of the Goldberg-Sachs(GS) theorem was generalized to all dimensions greater than four and to 
all signatures. The content of this generalized GS theorem can be put in the following form: In a Ricci-flat manifold 
if the Weyl tensor is such that Ca'b'c'd = and generic otherwise then the maximally isotropic distribution generated 
by (ei A 62 A ... A e„) is locally integrable. The main purpose of this section is to express the integrability condition 
Ca'b'c'd = in terms of algebraic constraints on operator C„. To this end it is important to define the following 
subbundles of A" M: 

Ap = { K„ e A"Af I Ca'^j . . . e^^ jcai jK„ = y a[,...,a'pG {l,...,n)} . 

Where (T^jK) is the interior product of the vector field V into the differential form K. In index notation the subbundle 
Ap is the one formed by the n-forms K„ such that Ka'^a'^.-.a' bib2...b„^p ^ 0. For example, Ai has dimension one and 
is generated by the n-form (ei A 62 A ... A e^). Note that the definition of the bundles Ap depends on the choice of 
null frame. Now expanding the equation C„(K) = L using the index notation in the null frame yields: 

Ldid2...d„ = C''^[did2^d.3...dr,]ab = C"" ^j^^^^Kd3,,,a„]a'b' + 2C" ^,j^^^^iir^^^^^^^j^, -1- C'a'b'[did2-f'^d3...d„] 

Taking care of the different types of indices it is possible to see that if Ca'b'c'd = then all subspaces Ap are invariant 
under the action of the operator C„. Conversely, careful calculations show that if both subbundles Ai and A2 are 
invariant under C„ then Ca'b'c'd — (this result is most easily seen using the notation introduced in section IVT) . So 
we can state the following theorem and its immediate corollary: 

Theorem 2 The following three statements are equivalent: (1) The Weyl tensor obeys to the integrability condition 
Ca'b'c'd — 0; (2) The subbundles Ai and A2 are invariant under the action of On; (3) All subbundles Ap, p G 
{1, 2, . . . , n}, are invariant by the action of Cn- 

Corollary In a Ricci-flat manifold of dimension d = 2n if the spaces Ai and A2 o,re invariant under the operator 
Cn and the Weyl tensor is otherwise generic then the maximally isotropic distribution generated by (ei A 62 A ... A e„) 
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is locally integrable. 

Where the main theorem of reference [isj was used to arrive at the above corollary. Since Ai is the one- 
dimensional subbundle generated by ei A 62 A . . . A e„ then the invariance of Ai is equivalent to say that this null 
n-form is an eigen-form of the operator C„. So, in particular, theorem [5] implies that if the integrability condition of 
the distribution generated by ei A 62 A . . . A e,i is satisfied then we have, C„(ei A 62 A ... A e„) cx ei A 62 A . . . A e„. 
The converse of this implication is true only in four dimensions. Note also that since the bundles of self-dual and 
anti-self-dual n-forms, S^, are invariant under C„ then if Ap is invariant by this operator then the subbundles 
A^ = Ap n are also invariant. These results strengthen the relevance and the utility of the operators Cp 
introduced on section |TT1 Now let us see explicitly the application of this theorem in four and six dimensions; 

Example(d — 4): In four-dimensional manifolds, n = 2, we have Ai = A'l ~ Spanjei A 62}, A2 = 
Spanjei A 62, (ei A 63 -I- 62 A 64)} and A^ — Spanjei A 64, (ei A 63 — 62 A 64), 62 A 63} — . Looking 
for the representation of the operators C given in reference [2| we conclude that the invariance of these 
spaces under the Weyl operator C„ is equivalent to the vanishing of the Weyl scalars '^q = C1212 and 
= C1213, this is the content of the well known Goldberg-Sachs theorem 

Example(rf = 6): When the dimension of the manifold is six we have Ai = A^ = Spanjei A 62 A 63}, 
A2 = Span{eiAe2Ae3, eiA(e2Ae5+e3Ae6), e2A(eiAe4-|-e3Ae6), e3A(ei Ae4-|-e2Ae5)}, A2 = (y^J)^nS'^, 
A^ = and A^ ~ (-^i^)^ 1^ S~ . Where A-^ is the orthogonal complement of A with respect to the 
inner product defined on ([7]). Because of equation ^ it follows from these orthogonality relations that 
impose the invariance of A'^ is equivalent to impose the invariance of as well as the invariance of A2 
is equivalent to the invariance of A2 ■ The fact that the invariance of Ap is equivalent to the invariance 
of A~_^_i_p and the invariance of Ap is equivalent to the invariance of A'^_^_i_p, for p e {1,2,..., ^^^}, 
seems to be a general feature of the cases in which n is odd. Now using the theorem [5] we find that the 
integrability condition Ca'b'c'd = is equivalent to the invariance of the spaces At and At- This agrees 
perfectly with the results found on reference by means of spinorial calculus. 

Note from the first example, c? = 2n = 4, that the invariance of the spaces Ai and A2 impose no restrictions on 
the operator C^. This happens because in this case Ai = and A2 = , so that the invariance of these spaces is 
always guaranteed. This phenomenon is exclusive of the four-dimensional case, in higher dimensions the invariance 
of A2 imposes restrictions on both and C^. This is already clear when n is odd, since in these cases and 
carry the same degrees of freedom, one is the transpose of the other, as proved on theorem [T] But even if n is 
even, besides the constraints on C^, we have that C~ is constrained by the integrability condition Ca'b'c'd — 0, which 
stems from the fact that dini(yl2") = ^{n + n?) < dim(S'~) — i (^n)- Thus if n > 2 then A2 is a proper subspace 
of , which implies that C~ must admit a non-trivial invariant subspace if such integrability condition is satisfied. 
This remarkable difference between the well known four-dimensional case and the higher-dimensional cases will be 
enunciated as a lemma: 

Lemma 4 In four dimensions the integrability condition of the distribution generated by the self-dual null 2-form 
(ei A 62) imposes restrictions only on , so that C~ can be arbitrary. But in higher dimensions the integrability 
condition of the maximally isotropic distribution generated by the self-dual null n-form (ei A 62 A ... A e„) constrains 
both operators, and CT . 

V. AN ELEGANT NOTATION 

In this section it will be introduced a notation to deal with the operators Cp that is elegant and promising. Such 
notation will make clear that these operators are intimately related to the integrability of distributions. 

Let us denote by {e°} the frame of 1-forms dual to the null frame {ea}, e°'{eh) — (5°^. Then for a vanishing Ricci 
tensor it follows that the Cartan structure equations are: 

de" Ar^''^,^e^ = Q and = dw'^b ^ A uj\ . 

Where C"^ = \ C°'hcd ^'^ ^ ^'^ '^^^ curvature 2-forms when the Ricci tensor vanishes and are the connection 
1-forms of the Levi-Civita connection, i.e., 1-forms defined by the relation Vyeh — iJJ°'^^{V)ea for any vector field V . 
Taking the exterior derivative of the second Cartan equation it is simple matter to see that: 



(11) 
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If Kp is a p-form then we can associate to it a set of {p — 2)-forms K^^, with a, 6 € {1, 2, . . . , d}, defined by: 

Now using the just defined objects note that 

C\ A K," = ^CV,e.^a'c3c....c, e^^ A A . . . A e^' = ^c\^^K^^,,„„,^^,,e'^^ A e^^ A . . . A e'^" . 

By definition of Cp, equation ([5]), the last relation implies the following elegant form to express the action of this 
operator: 

Cp(Kp) = C'',AK,^ (12) 

Now we are ready to see one more hint that the operator Cp is connected to the integrability of distributions. First 
let us define the (p - l)-form DK„^ by DK„'' = dK^'' + uj''^ A K^" - A Kj'. Then using the definition of K^** and 
using the metric to lower (or raise) the indices it easily follows that Kp = ^KabAe" Ae''. Taking the exterior derivative 
of this relation and using the first structure equation we find dKp = ^e" A e'' A DKaf,, where DK^fc = gfccDIK^'^- Also 
taking the exterior derivative of equation and using equation pT|) it follows that d [Cp(Kp)] ~ C"'' A DKaf,. Let 
us summarize these important relations: 

dKp = i e"^ A A DKab ; d [Cp(Kp)] = C"^ A DK.b . (13) 

Suppose that a simple p-form Lp is in the kernel of Cp, Cp(Lp) = 0, and that C^f^'^'^'Dhcd = XDhab, with A 7^ 0. 
Then equation ^ implies that = A BLab = IC^^cd^" A e'^ A Bhab = ^e" Ae'^ A DL^d. Introducing this in the 
first relation of (fT5)) we see that the simple form Lp is closed, dLp = 0. This, in turn, implies that the distribution 
annihilated by Lp is integrable (more about this on section IVT)) . 

Now if Kp is a p-form such that DK^^ = kA 'KJ' for some 1-form k, then equation ([T^ implies that dKp — nA Kp 
and d[Cp(Kp)] = k A Cp(Kp). So if Kp is a simple p-form then the first equation implies that the distribution 
annihilated by Kp is integrable and, analogously, if Cp(Kp) is a simple p-form then second equality implies that 
the distribution annihilated by Cp(Kp) is integrable. Thus connecting the operator Cp with one more integrability 
property. 

These are just simple results that follow from equation p^ . but the elegance of the expressions obtained in this 
section together with the results of appendix |B] seems to denounce that the notation introduced here can be exploited 
to find extensions of the Goldberg-Sachs theorem. Hopefully this will be done elsewhere. 

VI. GENERALIZED MARIOT-ROBINSON THEOREM 

The Mario t- Robinson theorem states that in four dimensions a null 2-form, F', generates a locally integrable 
distribution of planes if, and only if, there exists some function ft, ^ such that F = KF' satisfies Maxwell's equations, 
dF = and d(F) = (23l . [23 |. Where F is the Hodge dual of F and d is the exterior derivative operator. In the 
present section this theorem will be generalized in a natural way to all dimensions. 

Following similar steps to the ones taken in [24] let {cj^, . . . , uj^} be linearly independent 1-forms of a d-dimensional 
manifold such that dihu)^ A ... A ujP) = for some function h ^ 0. Expanding this equation and taking the wedge 
product with it is immediate to see that (dw') A oj-'^ A . . . A = 0. It is a standard result of differential geometry 
that this implies the local integrability of the distribution of vector fields annihilated by {w'^, . . . , a;''} [1^. Conversely, 
if the distribution annihilated by {w*} is integrable then it follows that there exist p^ functions Pj and p coordinates 

such that = f)dx^ , with det(/^) = f ^0. Then it is easy to see that d(ja;i A. . .AujP) = didx'^A.. .Adx'P) = 0. 

Thus we arrived at the following result: The distribution of vector fields annihilated by {w^, . . . ,0;^} is integrable if, 
and only if, there exists some function h ^ such that d{hu]^ A ... A ojP) = 0. 

Now let us suppose that the dimension of the manifold is even, d — 2n. As defined in last section, an 71-form N„ is 
called null if it can be written as 7VA'iA'2-A'n — vj^^^Vl^'^ . . . Vn"^ where the vector fields {Vi, . . . , Vn\ form an isotropic 
distribution of dimension n. Such distribution is said to be generated by N„ = Vi A . . . A y„ and in this case, since 
the isotropic distribution is maximal, it is also the distribution annihilated by N„. As proved in appendix |B] the null 
n-forms must be self-dual or anti-self-dual, meaning that E„(N„) = N„ = ±eN„, where e is equal to 1 or z depending 
on the signature of the manifold. So for a null n-form the equation dN„ = is equivalent to the equation dN„ = 0. 
Thus using the results of this and of the last paragraph we arrive at the following theorem: 
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Theorem 3 In a space of dimension d = 2n, the null n-form iV^ generates an integrable maximally isotropic distri- 
bution if, and only if, there exists some function h such that 7V„ = hN'^ obeys to the equations dNn — and 
dN„ = 0. 

It is important to note that, contrary to the Goldberg-Sachs theorem, no condition on the Ricci tensor was assumed. 
This theorem was proved before on reference [26l |. but there the proof uses spinor and twistor calculus and is less 
concise. 

VII. OPTICAL MATRIX AND THE FORMS THAT ARE CLOSED AND CO-CLOSED 

Let {I, n, m2, m^, . . . , m(^d-i)} be a semi-null frame of the tangent bundle such that the only non-zero inner products 
are g(l,n) — 1 and g(mi,mj) = Sij, in particular the vectors I and n are null. Then denoting by V the Levi-Civita 
connection let us define the following quantities: 

Mo = rn^' VJ^ ; = Z^'mf VJ^ ; M,, - m^^mf VJ^ . (14) 

Note that in Lorentzian signature the vectors of the frame {l,n,mi} can be chosen to be real, so that the quantities 
Mq, Mi and Mij are real in this case. The (d — 2) x (d — 2) matrix M^- is called the optical matrix and is usually 
decomposed as the sum of a symmetric trace-less matrix aij, the shear, a skew-symmetric matrix Aij, the twist, and 
a term proportional to the identity matrix 06ij , the expansion. 

My = CTy + A,j + eS^j ; e = J^S'^M.j ; = M(„) - 06^j ; A,j = M[ij] (15) 

It is easy matter to establish that the null congruence generated by I is geodesic if, and only if. Mi = and the 
parametrization is affine when Mq — 0. Also, straightforward calculations show that the congruence generated by I is 
hyper-surface-orthogonal, l[a^ ^1,^] — 0, if, and only if. Mi and Aij both vanish. 

Now let Kp be a non-zero p-form obeying to the equations dKp = and dKp — and such that I is a repeated 
principal null direction [9] of Kp. In index notation these constraints are respectively given by: 

Vi K 1 — n ■ V" — n ■ T{f^if^2---f^p ^ ^\ f. . . M3 Mp] 

Where fj2ja...j is completely antisymmetric and in the last relation it is being assumed a sum over the indices 
j2j3 ■ ■ ■ jp- Let us prove that the existence of a non-zero p-form that satisfies equation (1161) imposes restrictions on the 
optical matrix as well on Mi. Developing the equation = {V°'Kafj.2...fip)l^^ = —Katj.2...tip^"l^^ the following results 
can be obtained: 

Ma^J,...Jp = ; A,f^,k,...kp = 0. (17) 

Analogously, expanding the equation = V[q K^^^^^^^^^]l°'mj_^^^ . . .m^ we get: 

Mlnfj2...jp] = 0. 

Note that contracting the above equation with Mj^ and using equation (|17l) we get that MjMj = 0. In the particular 
case of Lorentzian signature the frame {l,n,mi} can be real, then Mi is real and the relation MjMj = implies 
that Mj vanish, i.e., the null congruence generated by I is geodesic. On the same vein, after workout the equality 

= (V" Xa^,...^Jm^/^ . . .m,/" it follows that: 

i^c.^....Mp V"(m^/^ . . . m^fn - (P - 1)! ?"V„/,,...,^ + (p - 1)! V"Z„ . (18) 

Now expanding the relation = (V^^ -K'^i^a-.-Mp]) i^n^^nij^'^^ . . . , using the identity V"^q ~ Mq + (d — 2)9 and 

the equation it follows, after some algebra, that: 

2(P - 1) f'i[h...]p = (d - 2p) 6 fj^,„j^ . 
These results are summarized by the following theorem: 

Theorem 4 // K^'^^^---^p — plfj2...jp l^^^m^^ . . . m'^^^ is a non-zero p-form such that dKp = and dKp = then it 
follows that: 
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• %1 /j2...Jp] = 

• M.A'U = 

• -^ij fij k4...kp — 

• 2{p - 1) /,[j3...j^ CTj,], ^ {d- 2p) 9 fj,,„j^ 

In the particular case of a real frame {l,n,mi} (Lorentzian signature) it follows from the third point above that Mi — 0, 
i.e., the vector field I is geodesic. 

In the Lorentzian signature the case p = 2 of the above theorem was obtained before on reference PH . Except for 
the point concerning the twist matrix, a Lorentzian version of this theorem for arbitrary p can be found in (27| . where 
it was used the GHP formahsm^. Note that if the signature is Lorentzian and the dimension is four, d = 4, then the 
case p = 2 of the above theorem imphes that if a real null bivector F obeys to the source-free Maxwell's equations 
then the real null direction / such that Ffji,l'' = generates a congruence that is geodesic and shear-free (shear-free 
meaning that aij = 0), a classical result first obtained a long time ago by Ivor Robinson (23l |. 



VIII. A GENERALIZED VERSION OF THE GOLDBERG-SACHS THEOREM 

Using the previous results it will be proved in this section a generalized version of the Goldberg- Sachs theorem 
that is valid in any even dimension and that makes no assumption about the Ricci tensor, contrary to the usual 
generalizations of such theorem. The theorem presented here states that if there exists an integrable maximally 
isotropic distribution on a manifold of even dimension then the shear matrix of the null directions tangent to such 
distribution must be constrained. 

Before proceed let us introduce some notation that will be used in what follows. In a manifold of dimension d — 2n 
let {ei,e2, . . . ,e„} be a maximally isotropic distribution of vector fields. We can complete this distribution to form 
a null frame {ei, . . . , e„, e„+i = 0^, . . . , e2n — ^'"} such that the only non-zero inner products are g{ea', 0^ ) = 
From this frame we can construct a semi-null frame, like the one used in the latter section, {/, n, m2, tos, . . . , 
defined by: 

I = ei ; n = 26^ ; nij = {cj + 9^) ; mj+n-i = —ii^j — S-') , where j € {2, 3, . . . , n} . 

Note that in general the choice of the vector ei to be I is arbitrary, we could choose any vector on the distribution 
{ei, . . . , e„} to take this place. In the special case of Lorentzian signature there is a privileged choice, since in this 
case a maximally isotropic subspace admits just one real direction [23|, in the present section this real direction will 
be assumed to be tangent to the vector ei = I. 

Once defined such semi-null frame we can define the optical matrix, the shear, the twist and the expansion associated 
to the distribution {ei, . . . , e„} to be just as defined in equations ([CT) and Also from this maximally isotropic 

distribution we can construct the null n-form N„ = ei A 62 A . . . A e„. In the semi- null frame just defined this n-form 
has the following expansion: 

^^iM2...M. = „! el^i gM.] ^ n\ fj,j,...jj^'m!^^' . . . ml^^^l (19) 

With fj2j3...jn — f[j2j3---jn] diffcrcnt from zero only when each index jr is equal to r or to r -I- n — 1 (and permutations 
of this), in which case /j2j3...j„ = 2^~" where q is the number of indices jV that are equal to r + n — 1. For example, 
in six dimensions, n = 3, the non-zero components of /jaja are: 

^ ^ i ^ ^ i ^ ^ 1 

/23 = — /32 — ^ ; f25 — — /52 = ^ ; /43 = — /34 — ^ ' /45 = " /54 — (20) 

Now we are able to prove the main result of this section. Suppose that the maximally isotropic distribution 
{ei, . . . , e„} is integrable. So from what was seen in section IVTl there exists some function h such that d(/iN„) = 
and d(/iN„) — 0, where N„ — ei A 62 A ... A e„. Thus using the theorem H] and equation (|19p it follows that 
h.fi[j3...jn '^j2]i = which leads to the following theorem: 



^ The author thanks to Harvey S. Reall for gently warning about this reference. 



11 



Theorem 5 (Generalized GS) In a manifold of even dimension d = 2n if the maximally isotropic distribution 
{ei,...,e„} is integrable then the shear matrix associated to this distribution, aij, is constrained by the following 
equation: 

Also, in the particular case of Lorentzian signature the vector field ei — I is geodesic. 

Although not stated in the above theorem it is also true that if {ei, . . . , e„} is integrable then the twist matrix is 
constrained by the equation Aij fijki...k„ — and the scalars Mi must obey to the following relations: Mi fij3...j„ — 0, 
A/[jj fj2...j„] — ^iid MiMi = (see theorem^. It is from this last relation, MiMi — 0, that ei is seen to be geodesic 
when the signature is Lorentzian. It is worth noting that in this theorem no condition was imposed on the Ricci 
tensor. It is also relevant to mention that in the appendix C of reference [l^ the integrability of a maximally isotropic 
distribution is expressed in terms of the Ricci rotation coefficients of a null frame. Now let us see an example of the 
use of theorem [Sj 

Example: In six dimensions, d = 6, if a maximally isotropic distribution {ei, £2, £3} is integrable then it 
follows from theorem [S] that fi[j<J^.^i = 0, i.e., ftjUki = fikf^ji- Denoting by / the matrix and by a the 
matrix cTy then since / is skew-symmetric and cr is symmetric it follows that this equation is equivalent 
to fcr = —erf. From equation (PO)) it follows that we can write: 

1 i ■ 

-1 -i 

i -1 ■ 

-i 1 . 




Then using the fact that the matrix cr is symmetric and imposing that it anti-commutes with / we find 
that the shear matrix must be of the following form: 



- A 


e 





$ ■ 


e 


-A 


-$ 










A 


e 







e 


-A 



Where A, Q and <& are arbitrary functions. Calculating the eigenvalues of cr we find ibVA^ + 8^ + so 
the shear must have two degenerate eigenvalues. It must be stressed that by orthonormal transformations 
of the semi-null frame it is possible to simplify further the shear matrix. For example, in the Lorentzian 
signature in addition of being traceless and symmetric cr is also real, so that this matrix admits, in a 
suitable basis, the form diag(A, A, —A, —A) with A = \/ A"^ + Q"^ + This result is perfectly compatible 
with the six-dimensional calculations, in Lorentzian signature, found in appendix C of (T2|. 

Despite being called here a generalized version of the Goldberg-Sachs theorem the theorem just presented carries 
little resemblance with the usual version of the GS theorem. The main differences being that in theorem [S] no mention 
is made to the Weyl tensor and the Ricci tensor is not assumed to be constrained. In order to understand why it is 
adequate to call this theorem a generalized version of the GS theorem it is necessary to review some previous results 
on the literature, this will be done in the next paragraph. 

The first apparition of the Goldberg-Sachs theorem was in reference fj] , where it was proved that a Ricci-flat four- 
dimensional Lorentzian manifold has an algebraically special Weyl tensor if, and only if, it admits a null congruence 
that is geodesic and shear- freefori = 0). Later this result was put in a conformally invariant form by relaxing the 
constraint on the Ricci tensor [2!l|, particularly the GS theorem was proved to be valid for Einstein manifolds. A 
decade after this the GS theorem was generalized to be valid in four-dimensional manifolds of all signatures in 
where it was proved that the concept of geodesic and shear-free should be substituted in the other signatures by the 
requirement of local integrability of totally null 2-surfaces (see also (s^l)- Indeed, the leafs of integrable maximally 
isotropic distributions can be proved to be totally geodesic [sl. [3l|. so that in the Lorentzian case the intersection of 
an integrable maximally isotropic distribution with its complex conjugate yields a null congruence that is geodesic 
and in four dimensions is shear-free. 

Now we are in position to conclude that the theorem presented in this section is deeply connected to the original 
version of the GS theorem. From the reference [5] it follows, in particular, that in a Ricci-flat 4-dimensional manifold 
if the Weyl tensor is algebraically special then the manifold admits an integrable maximally isotropic distribution of 
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vector fields. So because of theorem [S] this implies that in four dimensions if the Weyl tensor is algebraically special 
then fiaji ~ 0. Since in the Lorentzian signature the 2x2 matrix aij is real symmetric and traceless this last equation 
implies that ajt ~ 0, thus arriving at the usual form of the GS theorem. The converse of theorem [5] although valid 
in four dimensions probably is not valid in higher dimensions, so that this theorem captures only one direction of the 
original GS theorem. 

A connection between algebraically special Weyl tensors and restrictions on the shear matrix can also be easily 
made in higher dimensions using the previous results. Combining theorem [S] with the corollary of theorem [5] we 
immediately arrive at the following result: 

Corollary In a Ricci-flat manifold of even dimension d — 2n if the subbundles Ai and A2 are invariant un- 
der the operator Cn and this operator is generic otherwise then the shear matrix of the maximally isotropic 
distribution {ei, . . . , e„} is constrained by the following equation: 

Where /j2j3...j„ 'was defined below equation U9\} and the subbundles Ap were defined in section [73 In the particular 
case of Lorentzian signature the vector field ei is geodesic. 

Also, although not explicitly stated, the twist matrix and the scalars Mi are also constrained if the hypothe- 
ses of this corollary are satisfied (see theorem U) . This corollary is the reason of why the theorem [5] was called here a 
generalized Goldberg-Sachs theorem. 

IX. CONCLUSIONS AND PERSPECTIVES 

In this article it was investigated several aspects of the Weyl tensor classification and its relation with the integra- 
bility of vector distributions, specially the maximally isotropic ones. At first the Weyl operators Cp were introduced 
and its properties investigated. These operators are non-trivial generalizations of the already known bivector map 
provided by the Weyl operator, here represented by C2, that can be used to classify the Weyl tensor. It was shown 
that such operators are self-adjoint with respect to the natural inner product on the space of forms and that in the 
Euclidean signature they can diagonalized, providing a simple form to classify the Weyl tensor. 

In even dimensions, d — 2n, the operator C„ has the special property of preserving the space of (anti-)self-dual 
n-forms, so that we can write C„ = C"*" © C~. This allows us to define the self-dual manifolds as the ones with 
C~ = 0. But lemma |3] guarantees that if n is odd or n = 4 then the condition C~ = implies that the whole Weyl 
tensor vanishes. It was also proved that the integrability condition of a maximally isotropic distribution is given by 
the invariance of certain subbundles of A"M under the operator C„. 

An important result of the present work is theorem 01 which states that if a manifold admits a null p-form that is 
closed and co-closed then the optical matrices of the directions "tangent" to this form obey to several constraints. This 
was then used to arrive at a generalized version of the Goldberg-Sachs theorem stating that if an even-dimensional 
manifold admits an integrable maximally isotropic distribution then the shear matrix is constrained. 

The objects and tools introduced here deserve further investigation and probably the elegant notation introduced 
in section |V] will help on this enterprise. On theoretical grounds it is important to search for new relations between 
the operators Cp and integrability properties. This can shed light on the integration of higher-dimensional Einstein's 
equation, as happened in four dimensions 0|- Also the practical implications of theorem S] and of the generalized 
Goldberg-Sachs theorem should be analyzed more deeply. These theorems should be particularly useful in situations 
where there are physical fields represented by p-forms whose equations of motion implies that they are harmonic 
(closed and co-closed). 
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Appendix A: Refined Segre Classification 



In this appendix it will be presented the refined Segre classification, a classification scheme for square matrices over 
the complex field that was defined in [l7| . 
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Given a square matrix M over the complex field then by means of a similarity transformation it can always be put 
in the so called Jordan canonical form. This canonical form is a block-diagonal matrix such that each block is equal 
to a single number or to a matrix of the following form: 



J 



A 1 
A 







... 

1 

■■. 1 

A 



The Jordan canonical form of a matrix is unique up to the ordering of the Jordan blocks. Each block of the above 
form has only one eigenvector and its eigenvalue is A. 

The Segre classification of the matrix M is the list of the dimensions of the Jordan blocks. This list of numbers is 
put inside a square bracket and the dimensions of the Jordan blocks with the same eigenvalue are to be put together 
inside a round bracket. This classification can be refined if the numbers corresponding to the blocks with eigenvalue 
zero are made explicit by putting them on the right of the others and separating by a vertical bar. For example, 
suppose that the Jordan canonical form of a matrix M is 



"0 


1 








■ 























a 

















fi 


1 














p. 



(Al) 



Then the next table summarizes the possible types that the matrix M can have on the Segre classification and on the 
refined version of this classification. 







Q = / /3 


Q = /? / 


/3 = / Q 


a = /3 = 


Segre Classification 


[2,2,1] 


[(2,1), 2] 


[(2,1), 2] 


[(2,2),1] 


[(2,2,1)] 


Refined Segre Class. 


[2,li2] 


[2|2, 1] 


[(2,1)|2] 


[1|2,2] 


[|2,2,1] 



TABLE I: Possible algebraic types for the matrix of equation (jAlf) . 



Appendix B: Simple Forms and the Integrability of Distributions 

Let Kp be a p-form that is simple, i.e., there exists 1-forms uj^ such that Kp = A A . . . A w^. Using equation 
((2) it is possible to see that the Hodge dual of a simple form is a simple form, so that we can write: 

Kp = AS2a...aS'^-p. (B1) 

By means of the metric g it is possible to make a one-to-one association between vectors and l-forms. For example, 
the vector field V is associated to the l-form a; when w(A) = g{V, X) for all vector fields X. Using this correspondence 
let us denote by Vj the vectors associated to the 1-forms lo^ and by Vr the vectors associated to uj"^ . Now let us define 
the following vector field distributions: 

AA = {Ui,U2,...,Up} ; A/'={Ui,U2,...,Ud_p}. 
Using equations ([2]), (|Bip and the definition V^^ — uj^ it follows that: 

where (UjF) is the interior product of the vector field V into the differential form F. This implies that uj^(Vj) = 0, 
which is equivalent to g{Vr, Vj) = 0. So we arrived at the following important result: 



(B2) 
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Where Af^ is the orthogonal complement of Af. 

Given a simple p-form Kp, the vector distribution annihilated by it is defined by Ak^ — {U €z TM \ [/jKp = 0}. 

Since oj^{Vj) = it follows that Af is the vector distribution annihilated by the form Kp, while J\f is the distribution 
annihilated by Kp. It was proved in section IVTl that the distribution is integrable if, and only if, there exists 
some function h ^ such that d(ft,Kp) = 0, therefore we can state: 

TV is integrable ^ 3 / 7^ | d(/Kp) = 
J\f is integrable <^ 3 g ^ \ d{gKp) = . 

In the special case in which d — 2n, p ~ n and K„ is a null n-form, z.e, the distribution Af is maximally isotropic, 
it follows that A/"-*- = Af ■ So by equation (|B2[) we see that K„ cx K„, which implies that K„ must be self-dual or 
anti-self-dual. In this case we have that TV is integrable if, and only if, there exists some function h such that 

K^ — hKn obeys to the equations d(K^) — and d(K'„) = 0. 
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